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Abstract

The quantum correlations of two qubits in a microcavity with dissipation and a single quantized mode of
the electromagnetic field are studied. In order to study our physical system, the Tavis-Cummings model
and the formalism of the master equation of the density operator under the Born-Markov approximations
will be used. The cavity mode will be coupled with an external pulsed laser and the master equation ofthe
density operator that describes the evolution of the system will be solved numerically. The concurrence, the
quantum mutual information, and the quantum discord are determined for the system of two qubits. The
correlations are studied as a function of the dimensionless quantity 7 = g when the intensity of the laser
cavity coupling varies, and two initial conditions are considered in the weak coupling regime in which the
dynamic evolution of these correlations wasstudied.

Keywords: Open Quantum Systems, Master Equation, Tavis-Cummings Model, Quantum Correlations,
Concurrence, Mutual Information, Quantum Discord.

Resumen

Se estudian las correlaciones cuanticas de dos qubits en una microcavidad con disipacién y un solo modo
cuantificado del campo electromagnético interactuado con ella. Para estudiar nuestro sistema fisico, se
utiliza el modelo de Tavis-Cummings y el formalismo de la ecuacion maestra del operador de densidad
bajo las aproximaciones de Born-Markov. El modo de cavidad estara acoplado con un laser pulsado
externo y la ecuacion maestra del operador de densidad que describe la evolucion del sistema sera resuelta
numéricamente. La concurrencia, la informaciéon mutua cuantica y la discordancia cuantica se determinan
para el sistema de dos qubits. Las correlaciones se estudian como una funcion de la cantidadadimensional z
=gt cuando la intensidad de acoplamiento cavidad laser varia, y se consideran dos condiciones iniciales en
el régimen de acoplamiento débil en los que se estudié la evolucion dindmica de estas correlaciones.
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1. INTRODUCCION

The quantum computing theoretically studies
systems that make direct use of the phenomena of
quan tum mechanics, such as superposition and
entanglement, to perform operations on data [1].
Considering that the common digital compu-
tation requires that the data be coded in binary
digits (bits), each of which is always in one of
two defined states (0 or 1), quantum computation
uses qubit bits, which can Being in a superposi-
tion of states. The field of quantum computation
began with the work of Paul Benioff [2] and Yuri
Manin in 1980 [3], Richard Feynman in 1982 [4]
and David Deutsch in 1985 who outlined the basic
principles of quantum computation and proposed
Idea of a quantum computer [5]. As of 2016, the
development of real quantum computers is still
in its infancy. Experiments have been carried out
in which quantum computational operations were
performed on a very small number of quantum
bits [6]. Practical and theoretical investigations
continue and many groups worldwide investi-
gate quantum computation in an effort to develop
quantum computers that can assist in the develop-
ment of existing problems that have so far as in the
area of cryptanalysis[7].

The potential of use in quantum computation
motivates the detailed study of two-level atoms, in
particular the atoms in the optical cavities where
these can interact strongly with the individual
photons. The system of a two-tiered atom coupled
to a single cavity mode is known as the Jaynes-
Cummings model; Models of more complicated
systems with multi-level atoms can be developed
using their basic ideas, such as the Dicke model
that corresponds to a set of two-level N atoms that
may be interacting with each other [8].

In this work we will study the non-classical
properties of the Tavis-Cummings system, which
considers two qubits that interact with a single
cavity mode and consider an external pulse that
interacts with the unique cavity mode. Knowledge
ofthebehavior of such systems may lead some day
to applications in the field of quantum computing,
or in related fields. The knowledge of how two-
level and multi-level atoms (more suitable for real
systems) behave compared to idealized systems
has direct relevance to know if such multilevel
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atoms, for example, can be used as qubits to
encode quantum information.

Some of these properties is quantum
entanglement (QE) is a property of quantum
systems that exhibit correlations that can not be
explained classically and their discovery marks a
big difference between the classical and quantum
behavior of composite systems. however, QE is
not the only useful quantum correlation for the
quantum processing of information. Quantum
discord (QD), initially introduced by Ollivier and
Zurek [9] and later by Henderson and Vedral [10],
is defined as the difference between the mutual
information of the system and the information
obtained after measuring one of the parts of the
system. Quantum discord gives a measure of the
quantum correlations and in particular of how
much a system is disturbed when it is measured
and the information obtained from it. QD measures
quantum correlations of a more general type than
entanglement. Curiously, it has been theoretically
and experimentally demonstrated that separable
states supply an increase in the computational
speed in comparison with the classical states in
some models of quantum computation [11].

Entanglement and quantum discord are of
great interest because they constitute one of
the basic tools for studying the effects in atoms
located in cavities, in quantum optics, in trapped
ions, in the optomechanics of cavities, etc.
Correlations can be obtained, such as mutual
information, concurrence, and non-classical
correlations between the photons that leave a
cavity and the cavity mode. These phenomena
have been measured in atomic systems as well
as in solid-state systems [12] Additionally, these
correlations produce blocking of photons and
tunneling, which can be used for the generation
of single photons for the quantum processing of
information [13] and high-precision detection and
metrology, as well as the quantum simulation of
many-body systems citecarusotto2009.

This article is organized as follows. In section
II First we review the description of the model of
Tavis- Cummings, in addition, it is considered an
external laser coupled with a mode of the cavity.
In Section III we present the definitions of con-
currency and its relation to entanglement in quan-
tum systems, Von Neumann’s entropy and mutual
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information. We present the concept of quantum
discord introduced by Ollivier and Zurek, which
gives information of the quantum correlations
present in a system. In Section IV, the dynamic
evolution of interlacing, concurrency, mutual in-
formation and quantum discord for two different
initial conditions in the weak coupling regime,
and we conclude in section V.

2. THEORY

2.2 Hamiltonian of system

The quantum system is made up of two qubits
in the interior of a nanocavity with dissipation,
which interact with a single quantized mode of
the electromagnetic field with a frequency of w,.
The qubitcavity system is coherently impacted by
a laser pulse with central frequency wl and inten-
sity 1. See Fig.1. In the dipolar approximations
and those of the rotating wave, the Hamiltonian
that describes the dynamics is given by f.

Hs = Hy + Hac (D

These Hamiltonians are expressed as:
_ S~ s S]] N~ ~)~)
Hy=ho.a'a+ho0,06_+hno,0°, (2)

ihg>(a'62 —ac?),

3)

HAC = lhgl( G —ac7+)

In them, w,, ®;, and w, are the frequencies of
the cavity mode, of qubit 1, and of qubit 2, respec-
tively. @ and aT are the annihilation and creation
operators associated with the single quantized

mode of  the  electromagnetic  field;
o, =le)(glyol =g {el. (i=1,2) are the

Pauli operators of the ith qubit, and each possesses
a transition frequency transition w,. The coupling
constant g; is the intensity of the cohe- rentinterac-
tion between each qubit and the quantized mode of
the electromagnetic field. If w; ~ @, the laser-cav-
ity interaction con be considered by means of a
linear coupling constant ¢ between the laser and
the cavity mode. The Hamiltoniano of interaction
between the quantized mode of cavity and the la-
ser becomes

Hic = ihn (e~ —af ') 4)
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/[ 2n¢
where 1 = 80 ha)LV represents the intensity
of the interactlon. There V' = L3 is the volume of

the cavity, ¢ is the coupling constant between the
laser and the cavity mode, and c is the speed of
light.

In the rotating wave approximation to the fre-
quency wy, the total Hamiltonian of the system is:

ﬁé = Hy+ Hac +Hye (5

HS—hAcaa+hA16+G +hAryO 2 o?

ihgi(a'c! —ac!)+ihg)(a'c? — aoﬁ) (6)
inm(a+a").
Here, A, = w,. - w; and A, — w; are the detuning

of the cavity and of the ith qubit with respect to
the frequency of the laser.

Y1

le2)

le1)

K
=)
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l91)  |g2)
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Figure 1. Representation of 2 qubits in the interior of a cav-

ity with dissipation and a single quantized mode of the elec-

tromagnetic field with frequency wa coupled with a pulsed

laser of frequency ®] , k represents the rate of decay of the

field of the cavity, and 7j is the rate of spontaneous emission
of the ith qubit.

The dynamics of the qubit-cavity system are
determined with the master equation of the densi-
ty operator in the Lindblad form.

d . 1.~ K —

Ao L 51 % gl 1 F151_ 27l
Ps=lAup)-2 -1 716" - 2.716%)

2
(7)

In this equation, p is the density operator of
the coupled qubit-cavity system. The Lindblad
operator .Z[x] takes the form:

2% =x'5p + pxix+ xpxt 8)
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and models the incoherent decay. Eq.(6) con-
tains of 4 terms on the right of the equals sign.
The first describes the coherent evolution of the
qubit-cavity system, the second describes the rate
of decay of the field of the cavity, and the third
and fourth describe the processes of spontaneous
emission of the ith qubit, k and yi are the rates at
which photons escape across the mirrors of the
cavity and the rate of decay due to spontaneous
emission, respectively. The master equation is
solved numerically using the program QuTip:
Quantum Toolbox in Python, truncating the states
of the photons at 10. This method is completely
quantum mechanical, and additional approxima-
tions besides those of Born-Markov are not car-
ried out.

3. QUANTUM ENTANGLEMENT AND
QUANTUM DIS CORD

The Hilbert space y~ of the compound system
is given by the tensor product 7, ® 75, ® H¢ ,
where 720, (#0,) are the Hilbert spaces of qubit 1
(qubit 2) and S is the Hilbert space of the cavity
mode. The dynamics of the of 2-qubit system are
obtained by taking the trace of the density opera-
tor Ps with respect to the variables of the electro-
magnetic field of the cavity, pi» = Tr.[ps]

The entanglement of a binary system can be
quantified by means of the concurrence [14],
which for an arbitrary mixed state is given by:

C(p1a) = max(A — A — A3 —A4,0)  (9)

which 0 S C(ﬁ]z) S 1 and l] Z 12 Z ),3 Z ),4
being the eigenvalues of the matrix Z.

Z = pia(6) ©0,)p1r(6, ®ay)  (10)

The concurrence C = 0 indicates a separable,
or non-entangled, state, and C = 1 indicates a
maximally entangled state. Quantum discord is
the first measure of quantum correlations besides
entanglement. The number of quantum and clas-
sical correla tions in a binary quantum system pj,
can be deter mined by means of the quantum mu-
tual information and the quantum discord, as Oli-
ver and Zurek [9] propose. For a two-qubit quan-
tum system, the quantum discord is given as the

difference between the quantum mutual informa-
tion and the classical correlation, as follows [15]:

2(p12) = I (P12) — € (P12), (1n

2(p12) is the quantum discord,” (P12) is the
mutual information, and €’(p;2) are the classical
correlations. The mutual information of the two
subsytems is expressed as:

I (pr2) =7 (P1)+7(P2) - (Pra),  (12)

where 5(512) = —Tr(i)\llegf)\lz) is the von
Neumann entropy of the quantum system and
p1 and p; the reduced density operators for the
subsystems qubit 1 and qubit 2, respectively. The
classical correlations between the two subsystems
qubit 1 and qubit 2 are given by [11, 15]:

% (p12) = L (p1) —mingry [ (P2 {IL})] (13)

The minimum is taken from the projec-
tive measurements {II,} as a whole, and
FPu{I}) = Lip?(Px) is the mutu-
al conditional entropy of qubit 1, given the
complete measurements in qubit 2, with

pr = Tro(Ip1211k) / pi and pi = Triz(Pi211k).

With the initial conditions given for the sys-
tem under study, this is transformed into states X,
and one can calculate the quantum discord in the
following way [16]:

2(p12) = 7 (p2) — L (P12)

+ ming,, 7 (Po)l6,,- (P12[{T1k}) e, 05]
(14)

So using Eq. (10) and (13), the degree of the
quantum entanglement and the quantum discord
is numerically calculated for our study system.

4. NUMERICAL
ANALYSIS

RESULTS AND

Initially, the evolution of the qubit-cavity sys-
tem is considered without interaction with the
pulsed laser. In order to simplify the problem, it is
assumed that g; = g, = g and | = ®, = ®, so the
Hamiltonian of the qubit-cavity system will be:

Hs = hoa'a+hod! 6! +hwe? 62 +

dal s D (15)
ihg(a'c! —aol) +ing(a'62 —ao?),
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and the master equation for the density opera-
tor of the system is:

L A B R R SR LR ol
W= [Asp| -5 2@~ L2le!)- T2,

(16)

Two initial states for the system under study
have been considered like those presented in [11].

o W) 12 = 0t|ge0) + Bleg0) +¥Igg1), here ||+
IBI*+ 1717 for simplicity, @ = sinBcos@, B=

sin@cos@, Y = cos® (0 € [0,5] y ¢ € [0,7])
is chosen.

e p12e = (a]FT)(FH| + (1 —a) ee)(ee|) @ |n) (],
where|¥") = % {Ige) + leg) }. corresponds to

one of the maximally entangled Bell states.

In this article we will study the quantum correla-
tions of an open quantum system. The system op-
erator density equation (Eq. 16) takes into account
different processes: coherent emission x, which
are the loss of photons through the cavity and
spontaneous emission y of the qubits.By changing
the values of the free parameters in the model of

12
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our study system, x and y, two different regimes
of the dynamics can be obtained: weak coupling
and strong coupling between the quantized mode
of the cavity and The qubits. In the first regime
and that will be studied here the photons emitted
by the qubits have an almost null chance of being
reabsorbed by the medium. Thus the excitation
of the qubits is dissipated. This regime is usually
observed when the transition of qubit excitation
occurs within the continuum of the photon state,
resulting in a finite radiative lifetime of these ex-
citations. In this case, the emission is governed
by the golden rule of fermi, resulting in an expo-
nential decay of the population of excited states
[17].In the two figures, the concurrence reaches
higher values than the quantum discord and de-
cays more slowly. The single-mode electromag-
netic field in the cavity has the responsibility for
increasing the entanglement between the qubits,
and as the photons in the cavity decrease so does
the entanglement, until it completely disappears.
Over the whole range of figures, the non-classical
correlations are more robust than the classical cor-
relations, and all of them coexist.

Correlations

10 15

gt

20 25

Figure 2. Quantum correlations for a qubit-cavity system as a function of gt, in the weak coupling regime. Quantum discord
(dotted blue lines), concurrence (red lines), mutual Information (green lines), and classical correlations (dotted black lines)

are shown. Graph (a) corresponds to the initial state |y)[2¢, 0 = ©/3, ¢ = /4, Graph (b) corresponds to initial state p | 2¢, with
a=0,3,g=4GHz y=025GHz, and x = 20 GHz.
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In Fig. 2 we present the dynamics of the cor-
relations: quantum discord, mutual information,
concurrence and classical correlations as a func-
tion of the gt parameter, taking into account the
decay effects Of the cavity and the spontaneous
emission of the qubits. Fig. 2 occurs in the weak
coupling regime where the parameters associated
to the system satisfy the condition 16 g2 <(k—
)2. In this regime the value of the parameter (a =
0,3) is fixed and it is observed that a pronounced
decay of the concurrence occurs until reaching a
value of zero, because the effects caused by the
doubly excited state For the case |y);,. favor that
the system loses its correlations more quickly, in
addition we observe that for initial condition py,,
shown in Fig. 2 (b) the system loses correlations
in a shorter time interval than in the case of the
first, Demonstrating that the correlations of the
system depend on the state in which the system
is initially prepared, this fact is also associated

=
)

with the time in which the photons remain in the
cavity, since their interaction with the qubits will
be lower in this regime, as compared to a strong
coupling regime.

To observe the effects caused by the increase
in the intensity of the laser-cavity coupling on the
quantum correlations, we consider four different
values of this coupling. The dynamic evolution of
the correlations for this case are shown in Fig. 3
and 4 associated with the initial conditions |w);,.
and py,, respectively. The laser-mode quantized
interaction of the cavity with the qubits produces
excitations and transitions between energy levels
causing the temporal evolution of the system to
show scenarios of great interest for different pur-
poses. If the intensity of the laser coupling-cavity
mode is increased, more photons are provided by
the laser to the cavity and consequently increases
the mean number of photons in the driven mode.
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Figure 3. Dynamics of the quantum correlations as a function of gt, for the initial state y 12¢, with 0 =n/3, ¢ =n/4, g=4 GHz,
v=0,25 GHz, « =20 GHz, (a) Q=1 GHz, (b) Q=2 GHz, (¢) Q=3 GHz, and (d) Q =4 GHz. In the graph, the quantum discord
(dotted blue lines), the concurrence (solid red lines), and the mutual information (solid green lines) can be seen.)

Due to the small amount of time that the pho-
tons remain in the cavity, the opportunity for
their interacting with the qubits is quite small,
and oscillations in the correlations of Fig. 3 and
4 do not appear for the different intensities of
coupling pulse-caviti. It should be kept in mind
that the quantum discord plays an important part
during the dissipative evolution of the qubits; it

is not a matter of only the existence of quantum
correlations, but also of the way in which they
interrelate [18]. Exciting the system with a laser
beam can be used as an additional means of dy-
namically controlling the given relation between
the entanglement, the concurrence, and the quan-
tum correlations present between the quantum
dots. This fact could be used as an important re-
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source for the construction of non-conventional
quantum protocols, as is studied in the paper [19].

Fig. 3 (a) shows that for the greatest part of the
time of study of the system the entanglement al-
most disappears and the quantum discord rapidly
approaches the value given by the total correla-
tions or mutual information. It can be seen that
this behavior changes as the intensity of the laser
increases, as is shown in Fig. 3 (b), (c), and (d).

In Fig. 4, this behavior changes significantly, be-
cause the concurrence undergoes a sudden death
and then revives for a longer period of time. The
increase in the intensity of the laser favors the in-
teraction of the photons with the qubits, and that
is why the oscillations of the correlations tend to
emerge in the system. This shows that the initial
conditions of the system play an important part,
because they can either favor or not favor inter-
actions between the photons and the qubits in the
cavity.

Correlaciones

Correlaciones
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25
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Figure 4. Dynamics of the quantum correlations as a function of gt, for the initial states p12¢, witha=0,3, g=4 GHz, y=0,25
GHz, k =20 GHz. (a) Q = 1GHz, (b) Q =2 GHz, (c) Q =3 GHz, and (d) Q = 4 GHz. In the graph, the quantum discord (dotted
blue lines), the concurrence (solid red lines), and themutual information (solid green lines) can be seen).

Fig. 5 and 6 are presented with the aim of show-
ing the changes in the correlations with the in-
crease in the intensity of the laser pulse. Fig. 5
(a) and 5 (b) show that the quantum discord is the
same for dif- ferent intensities of the laser within
the range range 0,2 > gt > 1,7. For the rest of the
values of gt, the quantum discord increases with
the increase in the intensity of the laser. These in-
creases are more pro- nounced in the initial state

P12c-

In Fig. 5 (b), which corresponds to initial state
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Plae» greater increases in the discord can be seen
than in fig. 5 (a).

In Fig. 6 (a) and 6 (b), curves of the concur-
rence for four intensities of the laser pulse can be
seen. Initially, the concurrence is the same for all
of the intensities, and then it increases in value
with the increase in the intensity of the pulse,
but then all of them decrease to zero in the same
gt. It can be seen that while the quantum discord
increases, the concurrence decreases with the in-
crease in the intensity of the inciding laser beam.
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Figure 5. Quantum discord for a qubit-cavity system with incidence of a laser pulse, as a function of gt in the weak coupling

regime. In the figures, the intensities @] = 1 GHz (blue lines), 22 =2 GHz (green lines), ®3 = 3 GHz (red lines), and Q4 =

4 GHz (pink lines) are shown. (a) Corresponds to the initial state 1 ¢ > 12¢, with 0 = /3 and ¢ = /4, and (b) Corresponds to
initial state p12¢, with a = 0,3, g =4 GHz, y = 0,25 GHz, and y = 20 GHz.
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Figure 6. Concurrence for a qubit-cavity system with incidence of a laser pulse as a function of the gt in the weak coupling
regime. Graph (a) corresponds to initial state [y>12¢, with 6 = w/3 and ¢ = n/4, and Graph (b) corresponds to initial state p12c,
witha=0,3, g=4 GHz, y = 0,25 GHz,and « = 20 GHz. In the figures, the intensities Q1 = 1 GHz (blue lines), Q2 =2 GHz (green

lines), Q3 =3 GHz (red lines), and Q4 =4 GHz (pink lines) are shown.

5. CONCLUSION

In the development of the previous work we
find that for the weak coupling regimes, consid-
ering two initial conditions given by: |y >15¢ =
aleg0>+p|ge0>+¢ |ggl> and proc = al¥t>
Y +(1 —a)ee> <ee|® 0> <0|, Studied here, it
has been found that the mean number of photons
in the cavity shows an incoherent dynamics that is
related to the time that the photons remain in the
cavity. We observed that the oscillations present in
the system better their behavior in the case ofthe
initial condition p1,c.
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For the case in which the presence of a laser
coupled to the mode of the studied radiation field
1s considered, we observe that the behavior of the
studied correlations changes considerably as we
can see in Fig. 5, And Fig. 5. In this regime the
correlations show a behavior of a smooth curve
that increases the amplitude of the correlation for
the case of discord and mutual information but
shows an opposite behavior for the case of the
concurrence, for this last correlation we see that
as we Is increased the laser- cavity coupling the
degree of coupling of the system increases, the
oscillations present in this regime are quantum
oscillations of Rabbi that decay to a rat deter-
mined by the quality factor Q of the cavity.
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The response of the different correlations to
the change in the intensity of the laser-cavity cou-
pling is due to the change in the magnitude of the
same. Quantum discordance presents the greatest
response in comparison with the rest of the other
correlations. It was found that the mutual infor-
mation is greater than the concurrence in almost
the entire work domain.

Quantum discord and quantum mutual infor-
mation have been considered as quantifiers of
correlations. This shows that care must be taken
when analyzing the use of specific quantifiers
to describe correlations in the system. Since the
non-existence of interlacing in the system does
not guarantee the non-correlation of the system
given that there are correlations that can not be
described by entanglement but are made by quan-
tum discord as we can see in the case of Fig. 5 y
Fig. 6 where we observe that there is no entan-
glement in the system in the interval of about 0,5
and for times greater than 2 for condition 1 Fig.
6 (a) and the condition 2 Fig. 6 (b) In the interval
of (0,2 — 0,6) and times greater than 1.8, howev-
er if we observe the quantum discord in figure 5,
we see that the quantum discord is different from
zero in the interval of (0 — 1,5) lo Which shows
that in this interval there are correlations in the
system that can not be observed only by studying
the interlacing throughout the interval.
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